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EINSTEIN METRICS VIA INTRINSIC 
OR PARALLEL TORSION 

RICHARD CLEYTON AND ANDREW SWANN 

Abstract. The classification of Riemannian manifolds by the ho- 
lonomy group of their Levi-Civita connection picks out many in¬ 
teresting classes of structures, several of which are solutions to the 
Einstein equations. The classification has two parts. The first con¬ 
sists of isolated examples: the Riemannian symmetric spaces. The 
second consists of geometries that can occur in continuous fami¬ 
lies: these include the Calabi-Yau structures and Joyce manifolds 
of string theory. One may ask how one can weaken the definitions 
and still obtain similar classifications. We present two closely re¬ 
lated suggestions. The classifications for these give isolated exam¬ 
ples that are isotropy irreducible spaces, and known families that 
are the nearly Kahler manifolds in dimension 6 and Gray’s weak 
holonomy G 2 structures in dimension 7. 
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1. Introduction 

Linear connections and the equivalent notion of G-structures are fun¬ 
damental areas of interest in differential geometry. Their equivalence 
goes through the holonomy of the connection and it is a well-known 
Theorem by Hano and Ozeki that any subgroup G of the general linear 
group may be realised as the holonomy of a connection on some mani¬ 
fold 1^. On the other hand, one has the much more restrictive class of 
torsion-free connections and their holonomy. The classification of the 
irreducible holonomy representations of torsion-free connections was 
completed by Merkulov and Schwachhofer (T^ and recently Schwach- 
hofer has given a more algebraic proof ||^. This article concerns itself 
exclusively with Riemannian manifolds and therefore the particular 
case of Riemannian holonomy will have special significance. Riemann¬ 
ian holonomies have yielded geometric structures such as Calabi-Yau 
manifolds, Joyce manifolds, hyperKahler and quaternionic Kahler man¬ 
ifolds of great interest in both mathematics and physics. 

If M” is a Riemannian manifold, the holonomy algebra g acts on 
tangent spaces via a representation V. This induces actions of g on the 
spaces of trace-less symmetric two-tensors SqV and algebraic curvature 
tensors JC(g) with values in g. Apart from the generic holonomy rep¬ 
resentation of so(n) on M” and that of u(n) on of Kahler geometry, 
all holonomy representation satisfy that the representations lK(g) and 
SqV have no irreducible summands in common. Schur’s Lemma shows 
that this happens precisely when the equation (lK(g)®5'QR)‘^ = {0} is 
satisfied. As a consequence, a Riemannian manifold is Einstein as soon 
as the Lie algebra of its holonomy group is a proper subalgebra of so(n) 
not equal to u(n/2). Our aim is to generalise this type of statement to 
the more general framework of metric connections and their holonomy. 

Among metric connections, the connections that give rise to the Rie¬ 
mannian holonomy groups may be viewed as precisely those with van¬ 
ishing intrinsic torsion. The torsion of a metric G-connection is a ten¬ 
sor taking values in IG‘V*®V, where V represents tangent space as a 
G module. If g-*- denotes the orthogonal complement of the Lie alge¬ 
bra g of G in so(?7,) with respect of the metric then the projection of 
the torsion to the image of R ® g^ under the anti-symmetrising map 
6: R*0so(n) —> K^V*®V is independent of the chosen G-connection. 
The tensor thus defined is called the intrinsic torsion of the associated 
G-structure and encodes its differential geometric data. 

Using the decomposition of U^g"*" into irreducible G modules one 
may classify the geometries induced by a G-structure according to 
where the intrinsic torsion takes its values, an approach first taken 
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10 for almost Hermitian manifolds and since 


by Gray and Hervella 
used by many others. 

Interesting examples of connections with non-trivial intrinsic torsion 
have arisen from Gray’s definition of weak holonomy |p. These include 
the six-dimensional nearly Kahler geometry with structure group SU{3) 
and weak holonomy G 2 in dimension 7. Both geometries give Einstein 
metrics. 

In this article we take the following approach. We consider all 
G-structures on Riemannian manifolds with non-trivial intrinsic tor¬ 
sion. If we consider all metric connections with torsion the Hano-Ozeki 
Theorem tells us that any Lie subgroup of 0(?7,) can be realised as the 
holonomy group of a metric connection on some Riemannian manifold. 
We therefore impose various extra conditions on the G-structure and 
its intrinsic torsion with the specific aim of obtaining Einstein metrics. 
The results are classifications akin to Berger’s in the sense that we ar¬ 
rive at a discrete family of manifolds made up by the non-symmetric 
isotropy irreducible homogeneous spaces and continuous families made 
up of manifolds of weak holonomy G2 and nearly Kahler six-manifolds. 

The contents may be outlined as follows: In section |], we give 
some of the basic facts and definitions we will need. In section |^, 
Theorem |3.3| gives three conditions on the intrinsic torsion and tan¬ 
gent space representation of a G-structure that guarantee a solution 
to the Einstein equations. The first two of these conditions have as 
consequences that the intrinsic torsion must be skew-symmetric and 
that G acts irreducibly on tangent spaces. Given that G acts irre- 
ducibly on V, we investigate the consequences of the third condition: 
(DC(0) ® SqV)^ = {0} in the fourth section. These are listed in Theo¬ 
rem |T^. As a by-product of this investigation, we obtain an algorithm 
for computing the space of algebraic curvature tensors for an arbitrary 
representation g —> so{n). Using the results of section Theorem p.l4| 
gives a classification of the holonomy groups of metric connection with 
parallel torsion when the holonomy group acts irreducibly on tangent 
spaces. Einally, in Theorem |6.6| , we make a similar classification of 
manifolds with a G-structure with invariant skew-symmetric intrinsic 
torsion and G acting irreducibly on tangent spaces. The crucial fact 
used here is that under these conditions we may conclude that the 
intrinsic torsion is parallel. 

Gray-Hervella type classifications of spaces with skew-symmetric in¬ 
trinsic torsion have been made by A. Eino ||^, while the case of skew- 
symmetric torsion have been considered by, among others, Eriedrich 
and Ivanov ||^, 
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2. Riemannian Geometry and Metric Connections 

Let be a Riemannian manifold. The space 0(M) of frames 

on the tangent bundle orthonormal with respect to the metric g forms 
a principal 0(n)-bundle, where 0(n) acts on the right by change of 
basis. Write M" for the standard representation of 0(n). Then the 
tangent bundle can be identified with the associated vector bundle 
0(M) X o(n)R"^ and, similarly, the bundles of (p, g)-tensors on M may be 
identified with 0{M) Xo(n) Sections of bundles of tensors may 

be identified with equivariant maps a: 0{M) for which 

(^iP9) = for 9 ^ 0(n) and these sections or maps may be 

decomposed according to the decomposition of into irreducible 

0(n)-submodules. In what follows we will write A^’ for the p-th exterior 
power of as an 0(n)-representation. 

Definition 2.1. Assume that a Riemannian manifold {M,g) has a 
structure reduction P C 0{M) to a G-structure. Let V be the induced 
representation of G on tangent spaces. When M has such a structure 
reduction we will say that the triple {M,g, V) is a G-manifold. 

If the representation V is irreducible we say that M or, more pre¬ 
cisely, (M, g, V) is G-irreducible. 

If the structure reduction is given by the holonomy G of a metric 
connection V on {M,g) we will say that {M,g,V) is the G-manifold 
determined by V. 

A G-connection V on a G-manifold {M,g,V) is a connection for 
which the holonomy group acts on tangent spaces as a subgroup of G. 
A metric connection on a Riemannian manifold (M, g) is connection 
with holonomy contained in 0(n). 

When {M,g,V) is a G-manifold the decompositions of 0(n)-repre- 
sentations into G-modules let us decompose the tensors of M even 
further. In this case we have vector bundle isomorphisms = 

{M,g) Xo(n) = P xg and sections may be thought of as 
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G-equivariant maps a\ P ^ Let r be a section of the tensor 

bnndle and assnme that r via the identification with a G- 

equivariant map P actually takes its values in some submodule 

W C When this is the case we use the convenient notation 

tEW. 

Remark 2.2. Note that representations are real unless we state other¬ 
wise and all Lie groups and Lie algebras are subgroups and subalgebras 
of the orthogonal ones. Therefore we are free to identify representations 
with their duals and will do so. 

As an important example, let V be a metric connection on a Rie- 
mannian manifold {M,g) and let {M,g,V) be the G-manifold deter¬ 
mined by V. Since V is a metric connection its holonomy algebra is 
a subalgebra of g ^ so{n). The difference between the metric connec¬ 
tion and the Levi-Civita connection therefore forms a tensor taking 
values in 1/0 so (n): 

?7 := — V G l/ 0 so(? 7 ,) 

The map 6: l/ 0 so(n) —>• h?V®V given by {6a)xY = axY — ayX is 
an isomorphism mapping g to the torsion T of V. This justifies using 
the terms torsion or torsion tensor for either g or T interchangeably. 
Let R be the curvature of V: 

Rx,y = [Vx, Vy] - V[x,y]- 

Then the Ambrose-Singer Theorem |Q tells us that R G A^l /0 0 . 

On M the Levi-Civita connection is singled out by requiring that 
it is a metric connection which is torsion-free: 

T|T := V^T - Vf.X - [X, T] = 0. 

A consequence of this is that the Riemannian curvature tensor R^ sat¬ 
isfies the first and second Bianchi identities: 

R^xyZ + R^z^ + R%xY = 0 

+ V’yRi,; + V%R\y = 0 . 

We write bi for the map A^ 05 o(n) —A^ 0 A^ given by 

(biR) (X, T, Z) = R(X, T, Z) + R{Y, Z, X) + R(Z, X, Y) 
and 1)2 for the map A^ 0 A^ 0 so(n) —> A^ 0 so(n) given by 
{h2R'){X, Y, Z, W) = R'{X, Y, Z, W)+R'{Y, Z, X, W)+R'{Z, X, Y, W). 
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Write DC(so(n)) for the kernel of bi and X'(so(n)) for the kernel of b2. 
Then the first and second Bianchi identities say, respectively, that: 

G 3 C(so(n)) and G DC'(so(n)). 

Note that when we identify = so(?7,), we have DC(so(n)) C S'^(so(n)). 

If the Riemannian holonomy of g is contained in G then, by the 
Ambrose-Singer Theorem, W takes values in A^I/®0. But W also 
satisfies the first Bianchi identity whence R G X(5o(n)). Thus 

R G 3 C(so(n)) n (AV® g) = ker{bi: AV® g ^ AV®R}. 

Definition 2.3. The representation 

(2.1) 3 C(g) := ker{bi: AV® g ^ AV®R} 

is called the space of algebraic curvature tensors with values in g. 

In the presence of a metric connection V with torsion rj = — V 

we may write the Riemannian curvature as 

(2.2) R^ = R+(Vr/) + (r/2), 

where (Vr^) is the anti-symmetrisation of the covariant derivative of rj 
with respect to V: 

{Vr])x,YZ := (Vxii)y^ - (Vyr/)^^ 

and 

{'n^)x,YZ := [r]x,TlY]Z - gr^xY-'nYxZ. 

Since R^ G IK(so(n)) and G DC'(so(n)) we have 

( 2 . 3 ) biR=-bi(Vr 7 )-bi( 772 ) 
and 

( 2 . 4 ) baVR = -b2V(Vr7) - h 2 V{g^). 

We will refer to equations (| 2 . 3 | ) and (| 2 . 4 | ) as, respectively, the first and 
second Bianchi relations. 

3 . Intrinsic Torsion and Einstein Manifolds 

Let {M,g,V) be the Riemannian G-manifold and let V be a G- 
connection on {M,g). Write g"*" for the orthogonal complement of g < 
so{n) and for the component of the torsion tensor 77 in I/®g. Then 
the tensor 

f := g - e R® g"^ 

is independent of the choice of G-connection on (M, g, V). Correspond¬ 
ing to Os a connection V ;= 
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Definition 3.1. When {M,g,V) is a G-manifold we call the G-con- 
nection V the minimal connection and ^ the intrinsic torsion of the 
G-strnctnre. 


This definition is justified by the fact that ^ may be identified with 
the intrinsic torsion of the G-structure as defined in the introduction 
via the isomorphism 6. The argument above proves 

Proposition 3.2. Let {M,g,V) be a G-manifold. Then the minimal 
connection V is the unique G-connection V on M such that the torsion 
tensor 

^ - V e K® 0^. 

Among the G-connections on {M,g, V) the connection V has the prop¬ 
erty that it minimises the L'^-norm of torsion tensors (on compact sub¬ 
sets of M). □ 

The curvature R of the minimal connection is of course related to the 
Riemannian curvature precisely as in equation (p.2D for general metric 
connections: 

(3.1) R3 = R+(V0 + (a 

and the first Bianchi relation for R is 

biR = -bi(VO-bi(e'). 

Write 3C(g) for the kernel of the restriction bi: IG'V® g —> IG’V®V and 
3 C( 0 )-*“ for its orthogonal complement in A^l/® 0 . Then we may split R 
into the respective components R = Rq + Ri and conclude that since 
bi is injective on lK(g)“‘“, Ri is completely determined by the intrinsic 
torsion and its covariant derivative. This observation forms the central 
idea in 


Theorem 3.3. Let {M,g,V) be a Riemannian G-manifold. Assume 
that the intrinsic torsion takes values in the G-submodule W C 
Then g is Einstein when the following conditions are satisfied: 

(a) {V^W^S^Vf = { 0 }, 

(b) {S^W®SlVf = { 0 }, 

(c) ( 3 C( 0 )®SJV')° = {O}, 


Proof. Write the curvature tensor of V® as in formula ( p.l[ ). As ^ G kb 
the tensors (V^) and satisfy 


(VO e R®kb, 

(0) e S^w. 
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Since the component -Ri of the curvature of the minimal connection 
is determined by these two tensors we also have Ri G V®W + S'^W. 
Therefore the three conditions together, through Schur’s Lemma, imply 
that no component of the Riemannian curvature can contribute to the 
trace-free Ricci-tensor, whence g is Einstein. □ 

The conditions are very strong. Condition (a) implies, first of all, 
that no irreducible G-module can occur in the decomposition of both V 
and W, i.e., that {V®W)^ = {0}. Therefore = {0}. 

By exactness of the sequence of G-modules 

0 —^ aV —^ ^ rVor —> S^V —^ 0 

this implies that W C A?V. 

Condition (b) implies that V is irreducible. We therefore have the 
following 

Corollary 3.4. Let {M,g,V) be a Riemannian G-manifold for which 
the intrinsic torsion takes values inW (ZV®Q^. IfV and W satisfy 
conditions (a) and (b) of Theorem |5'. j then {M,g,V) is G-irreducible 
and the intrinsic torsion is a three-form. □ 

In particular, Corollary ensures that it is not restrictive to assume 
that V is irreducible when conditions (a) and (b) of Theorem are 
satisfied. Furthermore, when V is an irreducible representation of a Lie 


is satisfied. This will be the main result of the next section. 

4. Berger Algebras and Algebraic Curvature Tensors 

The question we wish to address now is: Given that G is a Lie 
group acting irreducibly on a real vector space V, when does the space 
of algebraic curvature tensors consist of Einstein tensors only? We 
will obtain an answer to this at the end of the section. This will be 
obtained using tools of the Riemannian holonomy classification, most 
notably the concept of the Berger algebra g of the Lie algebra of g. 
Note that the Lie algebra g of G may act reducibly on V even though 
G acts irreducibly. Therefore we need to be able to calculate Berger 
algebras and the space of algebraic curvature tensors for reducible as 
well as irreducible representations. 

4.1. Facts and Definitions. First a few words on notation: we write 
so(R) for the representation of so(n) on V whenever R is a real n- 
dimensional vector space. 


group G it is possible to say precisely when condition (c) of Theorem 3.3 
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Definition 4.1. Let g be a Lie algebra and be a faithful represen¬ 
tation of g as a subalgebra of so(\^). We then call the pair (g, 1^) a 
metric representation. If the representation V of g is irreducible we say 
that (g, V) is irreducible. 

The Berger algebra g of a metric representation (g, V) is the smallest 
subspace p of g such that 3C(p) = lK(g). 

We collect some facts about the Berger algebra and the space of 
algebraic curvature tensors of a metric representation (g, V). The first 
two are elementary consequences of the definitions. For proofs of the 
latter three we refer the reader to ||^, 

Fact 1: (g, V) is a metric representation and g = g. 

Fact 2: The space of algebraic curvature tensor for the repre¬ 
sentation of g satisfies 

3C(g) = 52(g) nDC(so(f")). 

Fact 3: The Berger algebra g of a Lie algebra g is an ideal in 

S- 

Fact 4: The Berger algebra satisfies 

g = {r(a) : r G 3C(g), a G K^V}. 

Fact 5: A metric representation (g, V) is a Riemannian holo- 
nomy representation if and only if g = g. 

For ease of reference we also provide a list of the irreducible Rie¬ 
mannian holonomy representations and their associated space of alge¬ 
braic curvature tensors here, see Table |I]. For a complex representation 
U the notation |f/] is used to indicate the real representation obtained 
by restricting scalar multiplication to M. In the table and and hereafter 
the symbols L, H, E are used for the standard complex representa¬ 
tions of u(l), sp(l), sP(r), respectively and is used for the standard 
representations of both u(n) and su(n). We use the notation for the 
irreducible representation of dimension d and highest weight A. Spe¬ 
cial names have been given to the spin-representation A of spin(7), 
the space of Weyl curvature W and the highest weight module Sr,’ of 
52(A1’0)®52(A04). 

4.2. Reducible Representations. We start by considering the fol¬ 
lowing special instance: 

Example 4.2. Let V = Vi © V2, where Vi and V2 are both non-trivial. 
Consider the inclusion so(Vi) ©so(V 2 ) C 5o(R). We have 

52 (so(Ri) ©30(1/2)) = 52(so(Ri)) © (so(I/i)©30(1/2)) ©52(30(1/2)). 
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0 

R 

3C(0) 

so{n) 

Ai = 

W + S^ + R 

u(n) 

|Ai’0] = 

+ R 

su(n) 

lAi’O] = 

sn2,2 

5p(n) ©sp(l) 

EH = 

S^E + R 

5p(n) 

|E] = 

S^E 

5pin(7) 

A = R8 

r168 

^(0,2,0) 

02 

R^ = R^ 

^(0,2) 

0 

p 

R 


Table 1. The irreducible Riemannian holonomy repre¬ 
sentations and the associated spaces of algebraic curva¬ 
ture tensors. In the last row g and p denotes the isotropy 
algebra and representation, respectively, of those irre¬ 
ducible symmetric spaces not covered by earlier entries 
in the table. 


The image of S'^(5o(I/))) under bi is which decomposes as 

AV = © (AVi^Rs) © (AVi^A^Ra) © © AVs. 

Let Cl,..., Cp be an orthonormal basis of Ri and /i,..., /g an orthonor¬ 
mal basis of R 2 . Then the set consisting of 

(ejAej) V(/fcA/z), 

where 1 ^ i < j ^ p and 1 ^ k < I ^ q, gives a basis of the subspace 
5 o(Ri)©so(R2) C S'^(5o(R)). The images of these tensors under bi span 
the subspace A^Ri©A^R 2 of A^R. Therefore bi: so(Ri)©5o(V2)) — 
A^Ri©A^R 2 is an isomorphism. Moreover, bi(S'^(so(Ri))) = A"^Ri and 
bi(S'^(5o(R2))) = A"‘R 2 , whence 

X(so(Ri) ©so(R2)) = ^2(so(Ri) ©5o(R 2)) n3C(so(R)) 

= DC(so(Ri))©X(so(R2)). 

More generally, we wish to consider the situation where (g, R) is a 
metric representation and Ri and V 2 are orthogonal submodules of R 
such that 

R = Ri © R 2 . 

Let tt: g —so(R) be the representation of g on R and let ©: g ^ 
so(R), i = 1, 2 be the two sub-representations. Then tt = tti + 7r2 and, 
since tt is faithful, the kernels g^ = ker7r2 and g 2 = kerTTi intersect 
trivially, so gi©g2^0- On the other hand, if g^ ;= 7rj(g) then g ^ gi © g2 
via the inclusion tt. 
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We consider two extremal cases. First, when = g^ and §2 = g 2 - 
Then g = gi©g 2 5o(hi) © 30 ( 1 / 2 ), where vr(gj) C 5o{Vi). The 
compntations of Example show that in this case 

3C(g) = (S^Q,) n 3C(so(V^i))) © {S^Q,) n 3C(so(l/2))) = 3C(gi) ©DC(g 2 ). 

In other words, we have 

Lemma 4.3. Let (g;^, Vi) and (g 2 ,F 2 ) be metric representations. Then 
(fli © 02 ) ® ^ 2 ) is a metric representation and 

(4.1) gi©02 = 01 ® 02) 

(4.2) 3<^(0i © 02 ) = 3C(gi) © 3C(g2). 

□ 

The lemma shows that new metric representations may be obtained 
by making direct prodncts of Lie algebras and representations and, 
fnrthermore, that the Berger algebra and space of algebraic cnrvatnre 
tensors of these new metric representation are obtained from those of 
the summands by direct product. If a metric representation is obtained 
in this fashion, we will use the shorthand notation 

(4.3) ^(0i) •= 0i) ^ 4^*) • 

The second extremal case is when g^ = {0} = g 2 . 

Lemma 4.4. If (g, V) is a metric representation and V = Vi ®V 2 is 
an orthogonal decomposition ofV into submodules Vi, V 2 such that both 
the induced representations vrj: g ^ so(14) are faithful then 

g = {0} and DC(g) = {0}. 

Proof. Let (g, V) be a metric representation and V = Vi © V 2 is an 
orthogonal decomposition of V where both the sub-representations 
TTj: g — so{Vi) are faithful. Then g is included diagonally into a 
direct sum gi©g 2 of two copies g^, i = 1,2 of g with g^ C 5o{Vi). 
Therefore S'^(g) C 5'^(gi) ©gi © g 2 ©*S'^( 02 )) where S'^(gi) C S'^( 3 o(V))) 
and gi©gi C so(V"i)© 3 o(V" 2 ). As bi(gi©g 2 ) = gi®g 2 is orthogonal 
to bi(S'^(gi) © *S'^(g 2 )) any element R of 3C(g) must project to zero 
in so (El) ©so ( 1 / 2 ). Assume that 7^, ... ,7^^ is an orthogonal basis of g. 
Write 7 ^ = 7i + 72 , where 7 ^ = 71 ^( 7 ^). Any element R G 3C(g) may 
then be written as 

R = ^aka’' V 7^ 

k^l 
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The projection of R to so(i/i)( 8 )So(V' 2 ) is 

X] aki{.l2 V 7 I + 7^ V 72 ) = ^ ttkili V 72 

kig. k,l 

which is zero only if i? = 0. The Lemma follows. □ 

Proposition 4.5. Let (g, V) he a metric representation. Assume that 
V = Vi ®V 2 is a decomposition of V into orthogonal submodules and 
let TTi '■ Q —>■ so(Vi), i = 1,2 be the induced representations. Define 
g;^ := ker7r2 and g 2 := kerTii. Then (gijVi) and (g 2 , V 2 ) are metric 
representations such that 

(4.4) 0 = £1 ® £2 

and 


(4.5) DC(g) = DC(gi) © lX:(g 2 ). 

Proof. When (g, V") is metric representation with an orthogonal decom¬ 
position of V into submodnles Vi©k 2 we define g,, and g^ as before. Let 
g < g be the orthogonal complement of g^ © g 2 in g. Then g* = g^ © g*, 
where g^ = ©(g) and thus 

01 ©02 © 0 © 01 ©02 - (01 ©0l) © (02 ©02) © SO(Vl) ©30(1/2)- 
By Lemma ^7^ , 

3C(gi ©g 2 ) = 3<^(gi) ©3C(g2) and DC(gi © g 2 ) = IK(gi) © DC(g 2 ), 
whence 

3C(gi) © DC(g 2 ) C 3C(g) C 3C(gi) © 3C(g2) C S'^(gi) © 5'^(g2)- 

The final inclusion shows that any algebraic curvature tensor R E lK(g) 
must have trivial projection to gi©g 2 © ^'^(Si © 02 )- By an argument 
similar to the one given in the proof of Lemma [TJ, any curvature tensor 
in lX!(g) must satisfy that the component taking values in g vanishes 
and therefore 3C(g) = 3C(g]^) © lK(g 2 ). □ 


4.3. Berger Decomposition. Metric representations are not gener¬ 
ally of the form given by equation (|4.3|) . An obvious question to ask 
is therefore: how may one compute the Berger algebra and the space 
of algebraic curvature tensors for an arbitrary metric representation 
(g, 1/)? The results of the previous section will allow us to introduce 
a Berger decomposition of the metric representation and show that 
the Berger algebra of the metric representation may be computed as 
a direct sum of Berger algebras of the irreducible summands of the 
Berger decomposition. The irreducible case is then dealt with in the 
next section. 
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Definition 4.6. Let (g, V") be a reducible metric representation and 
let 

(») ^ = 01/. 

i 

be an orthogonal decomposition of V into irredncible snbmodnles. For 
each i let 

V,.= ^V„ 

j¥=i 

let TTj and fti be the projections vr*: g ^ so(Vj) and fij: g ^ so( 14 ), and 
let gj = kerTTj. Then the Berger decomposition of (g, 1^) with respect 
to the decomposition (*) is 

B(0.r) = 0(0,.v;)- 

i 

The definition and the resnlts of the previons section proves 
Proposition 4.7. Let (g, V) be a metric representation. Assume that 

Bis, V') = 0(0.. Vi). 

i 

is a Berger decomposition of (g, V). Then 

0 = 00* 3C(g) = 0DC(gi). 

i i 

□ 


Example 4.8. Let g be a simple Lie algebra and let V he a non-trivial, 
real representation of g. Then (g, 1^) is a metric representation. If 
Vj C is a non-trivial submodule of V then g^ is non-trivial only if 
Vi = kW, where A; is a non-negative integer. Therefore g 7 ^ {0} only if 
V is either irreducible or isomorphic to V' © /cM for some irreducible 
representation V. 


Note that the component representations of a Berger decomposition 
may themselves be reducible. So to calculate the Berger algebra of 
an arbitrary metric representation we might need to invoke Proposi¬ 
tion 1^ several times. However, we also have the following corollary of 
Lemma 14.41: 


Lemma 4.9. Let (g, V) he a metric representation. If V = kV for 
k > 1 and some representation V of g then g = {0}. 
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Proof. If ( 0 , V) is a metric representation where V = kV then any 
orthogonal decomposition V = V'(B(k — l)V' satisfies that the induced 


representations tt': g so (I/') and vr": g 
Therefore Lemma WJ applies. 


so((A; — 1)K') are faithful. 

□ 


Using Lemma |4.9| we may eliminate any reducible component repre¬ 
sentations from a Berger decomposition. To see this, consider the case 
of 0 represented on U = Ui © V 2 where Vi is an irreducible represen¬ 
tation and V 2 is its orthogonal complement. Write 0 = 0 i © 02 © 0 as 
above. Then © g = 711 ( 0 ) acts irreducibly on Ui. Thus, 0 i must act 
on Vi as a direct sum of isomorphic representations if it does not act 
irreducibly. 

The results we have found in the present section, form an algorithm 
for finding the Berger algebra of an arbitrary metric representation 
( 0 ,U): first decompose V into irreducible submodules U = 0 V) and 
construct its Berger decomposition B{g,V) = 0(0*, U)- Then the 

and Proposition |4.10| . 


Berger algebra may be computed using Proposition Mj, Lemma 


4.S 


4.4. Irreducible Representations. The promised result for deter¬ 
mining when condition (c) of Theorem is satisfied, is nearly at 
hand. In fact, from the results of the previous section we may conclude 

Proposition 4.10. Let (g, U) be an irreducible metric representation. 
Then (g, V) satisfies either 

(i) 0 = {O}, 

(ii) g is a Riemannian holonomy representation, 

(iii) or g = sp(n) and (g, V) = (sp(n) + u(l), where E and L 

are the standard complex representations of sp{n) and u(l). 

Proof. Let (g, V) be an irreducible metric representation. Assume that 
0 7 ^ {0}. Write 0 = 0 i © 02 , where 0 i = g. Then the complexification 
U©C falls into one of the following cases, depending on the types of 
representation of g, 01 and 02 on V. In this respect we follow the 
conventions of Brocker and tom Dieck P|. 

(1) If V is of real type, then either 

(a) U©C = Ui®U 2 , where Ui and U 2 are irreducible complex 
representations of real type, or, 

(b) U©C = Ui®U 2 , where Ui and U 2 are irreducible complex 
representations of quaternionic type. 

(2) If V is of complex type, then U©C = Ui®U 2 + Ui®U 2 where 
Ui and U 2 are irreducible complex representations and either 
Ui or U 2 is of complex type. 
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(3) If V is of quaternionic type then = 2Ui®U2 where Ui and 
U 2 are irreducible complex representations and either 

(a) Ui is of quaternionic type and U 2 is of real type, or, 

(b) Ui is of real type and U 2 is of quaternionic type. 

Lemma ensures that the restriction of the representation V to 0 ^ is 
irreducible. This places severe restrictions on the dimension of 1 / 2 - To 
obtain the desired result all that is needed is essentially book-keeping: 
In case ([TaD , the dimension of U 2 must be one, so 02 ^ ^^(l) = { 0 }. In 
case ([Tbl) if g = dimf/i then 0 ^ = sp(g/2) as this is the only holonomy 
representation of quaternionic type, and dim U 2 = 2 whence 02 = { 0 } 
or 5 p(l). However, the later possibility contradicts the holonomy clas¬ 
sification, so 02 = { 0 }. 

In case (||) , dim U2 must be one for V to be irreducible and 02 must 
then be either {0} or u(l). Then 0 ]^ and Ui must be either su(?t.) 
or sp(n) acting on their standard complex representations. However, 
u(n) © u(l) does not act faithfully on and su(n) © u(l) acting 

on is a holonomy representation, so the only possibilities are 

02 = {0} or 01 = sp(n) and 02 = u(l) with Ui = E, U2 = L. 

In case (pa|), dimt /2 is one again and 02 ^ so(l) = {0}. In case (|3bD, 
dim U 2 ^ 2 and this implies that V is reducible and thus we have a 
contradiction with the initial assumption. □ 

Corollary 4.11. IfV is an irreducible representation of a Lie algebra 
0 then either 1 K( 0 ) = {0} or ( 0 , V) is an irreducible holonomy repre¬ 
sentation, or (sp(? 7 .) © u(l), IT^L]). □ 

The assumption of irreducibility in Corollary |4.11| is not quite what 
we want. If G is a connected Lie group there is no problem as any irre¬ 
ducible G-representation will be an irreducible module of its Lie algebra 
0 . If G is not connected we may have an irreducible G representation V 
that is reducible as a representation of 0 . But then its decomposition 
as a 0 -module is into a direct sum of isomorphic submodules. This 
is so since the identity component Gq of G preserves the 0 -irreducible 
submodules. So if Vi and V 2 are Go-irreducible subrepresentations of 
V then there is some element of G \ Go that maps Vi to V 2 whereby 
they are seen to be isomorphic as Go-representations. Lemma then 
yields: 


Corollary 4.12. Let V be an n-dimensional, irreducible, real repre¬ 
sentation of a Lie group G. If the Lie algebra g of G acts reducihly on 
V then 3C(0) = {0}. □ 


The Corollaries |4.11| and 1I.12| and the third column of Table |T| give 


us: 
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Theorem 4.13. Let V be an irreducible representation of a Lie group 
G. Then one of the following holds 

(a) DC( 0 ) = { 0 }, 

(b) G acts on V as an irreducible holonomy representation, or, 

(c) G = Sp{n) [7(1) and V = {ELj. 

In particular, the space of algebraic curvature tensors consists only of 
Einstein tensors if and only if Q is a proper subalgebra of so{n) and V 
is not the standard representation ofu{n/2). □ 

Note for future use, that in case (c) the Berger algebra is sp(n). 


5. Parallel Torsion and Einstein Metrics 

In this section we return to the following set-up: Let {M,g,V) be 
a G-manifold determined by V, a metric connection on M. Let rj G 
V^IsfV be its torsion tensor. Assnme that the torsion tensor is parallel 
with respect to V: 

Vrj = 0 . 

Note that this implies that rj is invariant by the holonomy G of V, 
whence = 0 where . denotes the standard action of so(? 7 ,) on 

V<S)So{n). We conclnde that the intrinsic torsion f of {M,g,V) is in¬ 
variant by G as well as parallel with respect to the minimal connection. 
Therefore the following definitions are equivalent: 

Definition 5.1. Let {M,g) be Riemannian manifold. We say that 
(M, g) has parallel torsion if it admits a metric connection V for which 
the torsion rj satisfies Vr] = 0 . 

Definition 5.2. Let (M, g, V) be a G-manifold. We say that (M, g, V) 
is a parallel G-manifold if the intrinsic torsion is parallel with respect 
to the minimal connection. 


The following resnlt is then an easy conseqnence of eqnation (R^ 
and invariance of the torsion by the holonomy gronp. 


Theorem 5.3. Let {M,g,V) be a parallel G-manifold which further¬ 
more is G-irreducible. Then {M,g) is Einstein if (lK(g)0S'QE)‘^ = 

{ 0 }, □ 


5.1. Ambrose-Singer Manifolds. A particnlar instance of parallel 
G-manifolds are those which admit a connection for which both the 
curvature and the torsion are parallel. 
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Definition 5.4. Let -D be a metric connection on a Riemannian man¬ 
ifold (M, g) for which the curvature and torsion satisfies 

DT^ = 0, DR^ = 0. 

Then D is called an Ambrose-Singer connection. A triple (M, g^ D) 
where (M, g) is a Riemannian manifold and D is an Ambrose-Singer 
connection will be called an Ambrose-Singer manifold. 

Remark 5.5. In the literature, an Ambrose-Singer manifold is often 
called a locally homogeneous manifold. Note that Ambrose-Singer man¬ 
ifolds are not locally diffeomorphic to homogeneous spaces. 

To each Ambrose-Singer connection D we may of course associate 
the G-manifold {M,g,V) given by its holonomy. Thereby we obtain 
a parallel G-manifold {M,g,V). An obvious question is: When do we 
obtain an Ambrose-Singer manifold from a Riemannian manifold with 
parallel torsion? 

Lemma 5.6. Let {M,g) be a Riemannian manifold and let V be a 
metric connection on M with parallel torsion. If the Riemannian G- 
manifold {M,g, V) given by the holonomy o/V has trivial Berger alge¬ 
bra then {M,g, V) is an Ambrose-Singer manifold. 

Proof. Let (M, g) be a Riemannian manifold with a metric connection 
V for which the torsion tensor rj is parallel. Let g be the Lie algebra of 
the holonomy of V. Assume that g = {0} or, equivalently, that lK(g) = 
{0}. This implies that the curvature R is determined completely by 
the tensor ijf) through the Bianchi relation (|2.3| ). Therefore both 

Vt] = 0 and VR = 0 

hold. □ 

To an Ambrose-Singer manifold (M, g, D) one may also associate an 
infinitesimal model. Briefly, this consists in building a Lie bracket [■, -jt, 
on 1) ;= g©l/ by defining 

(5.1) [A + X,B + Y]^-.= ([A, B], + Rx,y) + [aY - BX - fxY^ . 

where TxY = —+ VyX is the ‘usual’ torsion of V, A,i? G g and 
X,Y G V. The Bianchi relations and invariance of T and R by g 
ensures that this satisfies the Jacobi-identity. Thus, we obtain a pair 
of Lie algebras (g, ()) with g ^ f). 

Definition 5.7. Let (g, I)) be a pair of Lie algebras. We say that (g, f)) 
is effective if g ^ 1) and the representation of g on I) / g is faithful. 
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Remark 5.8. When g is the holonomy algebra of an Ambrose-Singer 
connection and f) = g ®V with Lie bracket defined as in equation (|5.1|) 
above then the pair of Lie algebras (g, f)) is effective. 

Definition 5.9. Let g and i) be Lie algebras such that (g, ()) is effective. 
Let H be the connected, simply-connected Lie group with Lie algebra 
f) and G the connected Lie subgroup of H with Lie algebra g. We will 
say that (g, [)) is regular if iL a closed subgroup of G. Similarly we 
will say that an Ambrose-Singer manifold is regular if the pair of Lie 
algebras obtained from its infinitesimal model is regular. 

In ||15|| , Tricerri proved the following Theorem. 

Theorem 5.10. An Ambrose-Singer manifold is loeally isometrie to a 
homogeneous space if and only it is regular. □ 

Corollary 5.11. Let {M,g,V) be a G-manifold where G is the ho¬ 
lonomy of a metric connection V on M with parallel torsion. As¬ 
sume that the Berger algebra of q is trivial. Then {M,g,'V) is an 
Ambrose-Singer manifold and (M, g) is locally isometric to a homoge¬ 
neous space if and only if (M, V) is regular. □ 

Note that if a Lie algebra i) has a reductive decomposition i) = 
g ©I^ where V is an irreducible and faithful representation of g then 
G must be either H or G. By continuity G preserves the reductive 
decomposition g ©1/. So assuming that G = H leeds to the conclusion 
that the action of adf, preserves the subspaces of the reductive splitting. 
In particular, [g, I^] C V and [V,g] C g. This implies that g acts 
trivially on V and therefore establishes a contradiction. So we have 

Proposition 5.12. Let {M,g, V) be a G-irreducible manifold where G 
is the holonomy of a metric connection for which the torsion is parallel. 
Assume that the Berger algebra of g is trivial. Then (M, g) is locally 
isometric to an isotropy irreducible homogeneous space H/G. □ 

5.2. Classification. Let {M,g) be a Riemannian manifold, parallel 
with respect to some metric connection V. Assume that the holonomy 
algebra g of V acts irreducibly on the tangent spaces V. If the torsion 
is assumed to be non-trivial, this immediately places heavy restrictions 
on the pair (g, V) since g must leave some tensor in R©so(n) invariant. 
If we write so(n) = g © g-*" then we have one of two possibilities: Either 
Q = V and g is a simple Lie algebra or g^ contains a submodule 
isomorphic to V. The following lemma is obtained by inspection of 
representations. 
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Lemma 5.13. Let V = 'ML' be an irreducible representation of a Lie 
algebra g ^ so{n) and let g^ be the orthogonal complement of g in 
so{n). 

(i) Assume that (V^®g)^ 7 ^ {0}. Then g is simple Lie algebra V = Q 
and DC(g) ^ M. 

(ii) Assume that (K( 8 )g''‘)^ 7 ^ {0} 7 ^ 3^(g). Then (g, V^) is either 
(su(3),C^) or {Q 2 ^V'^). In both cases 3C(g) is an irreducible rep¬ 
resentation not isomorphic to V nor to M. 

In all cases the invariant tensors are three-forms. □ 


Lemma |5.13| allows us to make the following classification Theorem: 


Theorem 5.14. Let {M,g,'V) be a G-irreducible manifold determined 
by a metric connection V on {M,g). Assume that the torsion of'V is 
parallel with respect to V. Then one of the following statements holds: 

(a) (M, g) is locally isometric to a non-symmetric, isotropy irreducible 
homogeneous space, 

(b) (M, g) is locally isometric to one of the irreducible symmetric spaces 
{G X G)/G or G^/G, 

(c) {M,g) has weak holonomy SU{3) or G 2 , 

(d) the torsion of V vanishes and (M, g, 'V) is the G-manifold deter¬ 
mined by the Levi-Civita connection and G is the Riemannian ho¬ 
lonomy group of (M, g). 


Proof. Assume that {M,g,V) is a G-irreducible Riemannian manifold 
determined by a metric connection such that the torsion p is non-trivial 
and parallel: Vr] = 0 . 

If the space of algebraic curvature tensors is trivial then proposi¬ 
tion |5.12| applies (M, g, V) is an Ambrose-Singer manifold and locally 
isometric to an isotropy irreducible space. 

If 3C(g) 7 ^ {0} then g acts irreducibly on V by Lemma The 
torsion rj is therefore skew-symmetric by Lemma ^.131 . Since Vr/ = 0 
we may write 

RS = R+ {rf) 

where 

{v‘^)x,yZ = [r]x,'nY]Z - Tjn^Y-qYxZ. 

Note that since p is skew-symmetric we have 

[rf) =rf + hirf' 

where rfxyZ '■= VzivxY)- Also note that 

{hiT]‘^)x,YZ = VxiVYZ) - VtixyZ - pYivxZ) = {r]x-r])YZ 
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where . denotes the standard action of 5o(n) on V®so{n). 

Assume that bir^^ = 0 = rj.r] = bi-R. Then both R and are 
algebraic curvature tensors. Furthermore, since 0 = hirf = rj.r] the 
torsion tensor takes values in 1/0 0' where 0 = stab 77 ^ 0. This means 
that {if) = if & 3^(0) and therefore spans a trivial submodule 
IA(0). Now Lemma | 5 . 13 | and Table |l| shows that 0 must be a simple 
Lie algebra and that 1 ^ = 0, and thus also that 0 = 0 and 1K(0) = M. 
So i? = KT]'^ for some function r: M —> M. But {M,g) is Einstein by 
Theorem | 0 | , so the scalar curvature Sg is constant. But 

Sg = = (1 + r) ^ c/(r/e,ej, = 2(1 + r) \\vf 

id 

where {e* : i = 1, ..., n} is an orthonormal basis of V and both Sg 
and \\r]\\‘^ are constants. Therefore r must be constant too, whence 
= (1 + ^)(V(77^) + 77.(77^)) = 0. 

Finally, if 77.77 7^ 0 then the projection of 77 to 1^(80 is non-trivial. 
Applying Lemma | 5 . 13 | shows that Q = Q, ^ = rj and that (0, V) is either 
(su( 3 ),C 3 )or( 02 ,l/"). □ 


6. Invariant Intrinsic Torsion 


Empirical evidence suggests that condition of Theorem p73| in fact 
implies that the intrinsic torsion must be invariant, i.e., W = kM. Let 
this serve as motivation for considering that case in particular detail. 
Theorem ISTSl with W = /cM becomes 


Proposition 6.1. Let {M"',g,V) be a Riemannian G-manifold. As¬ 
sume that the intrinsic torsion takes its values in the G-suhmodule 
W = /cM C 1^0 0^. Then g is Einstein if the following conditions 
are satisfied: 

(a') = { 0 } 

(b') V is irreducible. 

(c') g is a proper subalgebra of so{n) and 0 7 ^ u{n/2). 

□ 


As before, these assumptions imply that the intrinsic torsion is a 
three-form. 


6.1. Invariant versus Parallel Torsion. The assumption of invari¬ 
ance of the intrinsic torsion appears more general than that of paral¬ 
lel torsion. It is clear that a manifold with parallel intrinsic torsion 
must have invariant intrinsic torsion, since the G-structure given by 
the holonomy of the minimal connection in this case leaves the torsion 
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invariant. In this section, we will prove that the converse holds under 
a quite weak condition. 

Theorem 6.2. Let {M,g,V) be a G-manifold with skew-symmetric 
intrinsic torsion taking values in some submodule W of V^q^. If 
{y®W®S‘^W)'^ = {0} then the intrinsic torsion is parallel with respect 
to the minimal connection. 

Proof. Let V be the minimal connection and f the intrinsic torsion of 
M. Write g"*" for the orthogonal complement of g in so(n). We write 
the Riemannian curvature tensor as 

= R+{Vf) + {e). 

where R G A^R®g, (V.^) G A^R®g^ and (.^^) G (5'^(g“‘“))'^. We 
have that (V.^) is the anti-symmetrisation on the first two factors of 
V.^ G V®Is?V. When restricted to V®Isf’V, this anti-symmetrisation 
is an isomorphism V®K^V = A^R -|- A^(A^R). Therefore, 

0 = ((V{), R‘) = ((VO, (VO + [f)) = ((VO, (vo). 

The last equality holds since the assumption {y®W®S‘^W)^ = {0} 
implies (V.^) E V ®W and (.^^) G S'^W are orthogonal. □ 

Corollary 6.3. Let {M,g, V) be a G-manifold with invariant intrinsic 
torsion such that = {0} and such that the intrinsic torsion is skew- 
symmetric. Then the intrinsic torsion is parallel with respect to the 
minimal connection. □ 

The conclusion, that V.^ = 0, implies that H := Hol(V) C Stab{f). 
However, as V is a G-connection we also have H C G. Thus, if 7 ^ 0 
then the holonomy group H must be a proper subgroup of G. 

Lemma 6.4. Let {M,g,V) be a G-manifold with intrinsic torsion f 
and minimal connection V. Write H for the holonomy group of V 
and let {M,g, V) be the H-manifold determined by the holonomy ofV. 
Then the intrinsic torsion of {M,g, V) is f. 

Proof. Since V is a G-connection H = Hol(V) C G. Therefore V is a 
iL-connection and, moreover, g-*“ C 1)^, whence f G □ 

Proposition 6.5. Let (M, g) be a Riemannian manifold. Assume there 
exists a G-structure on M with tangent representation V and skew- 
symmetric intrinsic torsion taking values in W, where V and W satisfy 
{y®W®S‘^W)^ = {0}. Then there exists an H-structure on M with 
invariant skew-symmetric intrinsic torsion which is parallel with respect 
to the minimal connection. 
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Proof. Assume that (M, g, V) is a Riemannian G-manifold with intrin¬ 
sic torsion few C. n (R 0 0 ^). If {V®W®S‘^Wf = {0} then 
= 0 by Theorem |^. As we have argued above, H = Hol(V) then 
leaves f invariant. The Proposition now follows from Lemma |6.4| . □ 


6.2. Classification. As corollaries of Lemma |5.13| , Theorem |5.14| and 
Corollary we obtain the following classifications. 


Theorem 6.6. Let {M,g,V) be a G-irreducible Riemannian mani¬ 
fold. If the intrinsic torsion of M as a G-manifold is invariant skew- 
symmetric and non-vanishing then either (M, g) has weak holonomy 
SU{3) or G 2 or (M, g) is locally isometric to a non-symmetric isotropy 
irreducible homogeneous space. In particular, (M, g) is Einstein. □ 


Recall that a G-manifold {M,g, V) with intrinsic torsion taking val- 
nes in IT C T (S' for which the three conditions (H), (P) and (H) 
of Theorem are satisfied is G-irredncible and has skew-symmetric 
intrinsic torsion. For the particnlar case of IT = kM. we now have: 


Theorem 6.7. Let {M,g,V) be a Riemannian G-manifold. Assume 
that the intrinsic torsion takes its values in the G-submodule W = 
/cM C T® 0 '*'. Furthermore, assume that V satisfies 

(a') (T®AoV)^ = {0} 

(b') V is irreducible. 

(c') Q is a proper subalgebra of so{n) and 0 7 ^ u(n/ 2 ). 

Then either (M, g) has weak holonomy SU{3) or G 2 or (M, g) is locally 
isometric to a non-symmetric isotropy irreducible homogeneous space. 

□ 
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